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Introduction

Meta-analysis in Information Retrieval (IR) has received a great deal of attention because of the need for
obtaining information that is free from bias. However, most of the published work is limited to controlled,
structured, and static collections. Accordingly, the purpose of this series of articles is to interest researchers and
graduate students in applying meta-analysis to collections that are uncontrolled, unstructured, and dynamic. We
believe these statistical techniques can be useful for real-world data sets generated from, for instance, social
networks, Web analytics, and ranking results from commercial search engines.

The following articles are part of the series:

e Part 1. On the Non-Additivity of Correlation Coefficients

e Part 2: Introduction to Meta-Analysis

e Part 3: A Tutorial on Fixed-Effect Models

e Part4: A Tutorial on Random-Effects Models

And the following conventions are used. N is the number of samples, n is the sample size or number of paired
observations (x, y) in a sample, y is the dependent variable, x is the independent variable, x and y are their
arithmetic means, and s, and s are their standard deviations. The discussion is limited to Pearson product-
moment correlation coefficient, r, and Spearman rank-order correlation coefficient, re.

Background

Meta-analysis or analysis of analyses is a set of statistical techniques by which information from different

studies is examined. Wikipedia (2010) attributest he f i r st us a-@@ aob fp GehelGlass, wer m
conducted extensive researchi n t h e f i .dn2@00, Glass wrote &n intergstihgreview from a personal
perspective (Glass, 2000). Comprehensive research reports have been published since then (Schmidt, Oh, &

Hayes, 2009; Borenstein, Hedges, & Rothstein, 2007; Field, 2001, 2003a, 2003b, 2003c, 2005).

The general idea in meta-analysis is to calculate effect sizes for individual studies, convert them to a common
metric, and then combine them to obtain an average effect size (Field, 2001, 2003a, 2003b). According to
Vaske, Gliner, & Morgan (2002) effect size refers to the practical significance of a statistical test result.
Implementations vary depending on the measure used for an effect size.

Kirk (1996) has identified about 40 different types of measures. Of these, Cohen’s d and correlation coefficients
are used most often (Carson, 2006; Cohen, 1969; Law, Schmidt & Hunter, 1994). Once a metric is selected, a
fixed effect (FE) or random effects (RE) model is adopted (Hedges & Olkin, 1985; Hedges, 1992; Hedges and
Vevea, 1998; Hunter & Schmidt, 2000). A long list of effect size references is available from Wikia (2011).
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Since most in IR are familiar with correlation coefficients, the first article of this series is dedicated to address
the question of whether correlations are additive at all. Addressing this issue can provide some clues as to why
some meta-analysis implementations and IR models might need revision.

Discussion

The need for a valid arithmetic average expression requires the numerator of said expression to be additive.
Unfortunately not all quantities are additive. For instance, lengths, areas, variances, covariances, and angles are
additive because in each case the results are new lengths, areas, variances, covariances, and angles. By contrast,
densities, standard deviations, sines, cosines, and tangents are not arithmetically additive since in each case the
results are not new densities, standard deviations, sines, cosines, and tangents. See Appendix 1. Quantities
normalized with respect to different denominators (i.e., dissimilar ratios) are not additive, either.

In the case of effect sizes expressed as correlation coefficients, these can be positive, negative, or zero so there
is always the risk of obtaining misleading results by arithmetically adding these. Consider the following
example from Field (2003a):

—For exampl e, tihnea geifnfe cwvaec yt-¥obfi zad ‘p)o wdheart (c_oSutladt magi c a
statistics. A trial in the USA found an effect size of .45, a replication in Belgium found an effect size of 0, and a

further replication in the UK yielded an effect size of -.45. If we assume that these studies had equal sample sizes and

so were equally weighted in the meta-analysis, then the resulting average effect size would be 0—there would be a

non significant effect. Readers of such a meta-analysis might conclude, therefore, that Stat-Whizz was an ineffective

drug. Of course, this conclusion is wrong: the drug
effect in the UK. As such, the issue of interest is not so much the overall effect of the drug, but at what levels the drug
works: the fact that the drug doesn‘t work on the E

is effectivell

By measuring effect sizes as correlations and equally weighting these, in this example the weighted average was
reduced to an arithmetic average that did not describe the efficacy of the drug. This is one of those situations
where unequal sample sizes, analysis of moderator variables, a different effect size measure, a different meta-
analysis model, or a combination of these strategies could be used to establish the effectiveness of a drug.

There are several caveats against adding correlations. One is the biased nature of correlations. Another is
variability instabilities as correlations approach + 1. There is also the effect of variance effects in the dependent
variable. And there is still the question of how to quantify the homogeneity, heterogeneity, and statistical
significance of the data (Liu, 2010; Higgins, Thompson, Deeks, & Altman, 2003). Some of these issues are
addressed in the following sections.

Pearson Correlation Coefficient

Pearson correlation coefficient, r, is a parametric or distribution-dependent statistic. An r value is defined as the
ratio of the covariance (cov) between two variables, normalized by the product of their standard deviations
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where df is the n — 1 degrees of freedom and the summations are over i, from 1 to n. In the numerator of
Equation 1, variable averages are subtracted from raw scores, and the sum of cross-products accumulated. The
denominator adjusts the scales of the variables to have equal units, relative to the sample distribution in question
(Rodgers & Nicewander, 1988). Thus, if we try to average over N number of r values



— i(covxly1 + COVxyy, 4. covayN) )
N\ Sx15y; Sx25y2 SxnSyn

and we end up adding sum of cross-products that not necessarily are equally normalized. That is, we might end
adding dissimilar ratios.

Correlation Coefficients from Simple Linear Regression

As noted by Rodger & Nicewander (1988), if a study reports the results of a simple linear regression model with
intercept B, and slope B, as

y = Bo + Bix (3)

a correlation coefficient can then be calculated from the square root of the coefficient of determination of the
model, r?, or from the product between the regression slope and the ratio of standard deviations,

r= (%) @

If we try to average

ro= %[311 (2;_1) + B2 (zyiz) + - B (z;_x)] ®)
we end up averaging products from dissimilar regression equations. In Equation 4, r A f; when s, 4 sy.
Correlation Coefficients from Mean-Centered Variables
Mean-centered variables are obtained by subtracting their arithmetic means from individual observations

x£= Xi — X (6)
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such that the new means, x' and y’, vanish. Therefore for mean-centered data, Equation 1 reduces to

e .
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Centering variables is aimed at removing fluctuations around their means. With moderated multiple regression
models, the literature suggests that mean-centering can reduce the covariance between the linear and the
interaction terms, thereby suggesting that it reduces collinearity. However, a study indicates that mean-centering
does not alleviate collinearity (Echambadi & Hess, 2007).

A close look at Equation 8 reveals that it defines a cosine
r = cos@ 9)

where @ is an angle. So if we try to average



r o= % (cos &, + cos 6, + ... cos Oy) (10)

Since the sum of cosines is not a cosine, Equation 10 cannot be valid. This result explains why when expressing
similarities as cosines, one cannot add similarity values in order to compute an ‘average cosine similarity’.

In general, if effect sizes are correlations and we conduct a Hunter & Schmidt RE meta-analysis using mean-
centered variables and a constant sample size, we end up adding cosines as described by Equation 10. Such
results would be based on an invalid average and could be challenged on those grounds.

Spearman Correlation Coefficient

A Spearman rank-order correlation coefficient, rs, is a non-parametric or distribution-free statistic. If there are
no ties, rs is computed as

6
n=1- e LT (11)
where d; = x; — y;. If there are ties, one can assign the average to each of the equal values. The presence of tied
ranks tends to lower the Y:I" d? term, but this effect is small unless there are a large number of ties. In that case,
Kendall tau-b is recommended over rs (Chinchilli, 2007; Kendall, 1938). If we try to average
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and we end up adding the square of rank differences from dissimilar samples. The presence of ties in individual
samples makes such additions more questionable. Later in this article we show that rs values posses an inherent
bias that depends of the population correlation and n. This bias does not vanish even when n becomes infinite,
increases when n decreases, and makes additions as described by Equation 12 even more questionable.

Computing Spearman Rank CorrelationasaP e ar sron 0 s

If there are no ties, rs = r and rs can be computed as a Pearson coefficient from ranked variables, from either the
coefficient of determination or the slope of the regression equation. Therefore, it is fallacious to think that a
Pearson r cannot be computed from nonlinear data. This is demonstrated in Figure 1 where the voting
preferences of two judges are compared.

8
Person Jugg:kA Jlgsrka di | d?’ 5 | v = 08214x + 0.7143 .
Alan 1 2 11 = 0.6747 .
Judge B 4 4

Beth 2 1 1 1 Rank

Carl 3 4 1)1 21—,

Don 4 3 1 1 0 . . . . . . .
Edgar | 5 | 6 | -1 |1 o 1 2 3 4 5 6 7 8
Frances 6 7 11 Judge A
Gertrude 7 5 2 | 4 Rank

n
Z 28 28 0 |10
L
rs = 0.8214 (Equation 11)

Figure 1. ry computed as r. Source: http://www.mnstate.edu/wasson/ed602calcorr.htm
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In Figure 1, rs was computed with Equation 11 as 0.8214. In the graph at the right, rs was computed from the

square root of the coefficient of determination; i.e., rs = r = V0.6747 = 0.8214. The regression equation is
y = 0.8214x + 0.7143. So from the slope, rs = r = 0.8214.

This result is not surprising at all, but a direct consequence of Equation 4. What does this mean? To answer this
question, let" eeview some basic trigonometry using Figure 2.

(6. 10)

\ (Ax*Ax + Ay*Ay) = 5 = ¢

(3. 6)

(6. 6)
b=Ax=6-3 =3

slope = Ay/Ax = tan ¢ = 4/3 = 1.3333...
sin &

sme 8 = tan'](slope) = 53 degrees
cost

slope = tan & =

Figure 2. Some basic trigonometric expressions.

The figure depicts a triangle formed by three arbitrary segments, a, b, and c. The slope of segment ¢ and defined
by the points at (3, 6) and (6, 10) is

- = X _
slope = v tan @ = ;= 1.3333 ... (13)

Figure 2 indicates that computing rs is equivalent to computing a tangent value
r, = tanf (14)

So trying to average over N numbers of rs values is like trying to compute the following average from different
regression lines:

== 1
S T N

(tan 6, + tan 6, + -+ tan Gy) (15)
Since the sum of tangents is not a tangent, Equation 15 cannot be valid. See Appendix 1.

There is still another caveat one must be aware of before trying to average correlation coefficients: dependent
variable variance effects.

Dependent Variable VVariance Effects

Faller (1981) suggested that the variance of the dependent variable, syzj = Y"y; — y)?/(n — 1), could be
used as a discriminating weight to compute an average coefficient of determination as
12 = o YN 52 72 (16)

N ;2 J oyl
Z]syj J

which we shall call Faller’s Transformation, FT. In Equation 16, %Y sy,is the variance associated to 2.



TakingFal | er ‘ s funtherrrikcan be mappee tp an average correlation coefficient by taking its square

root, [+Z, and the contribution, C, of individual results to »? can be expressed as

2
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In Appendix 2, we justify Faller’s Transformation, unveil the source of its discriminatory power, and prove
why |2 is a valid weighted average. To understand the resolution power of Faller’s Transformation, consider

the two examples (I =1, I =2) shown in Table 1 and adapted fromFal | er." s paper
Statistics FT Candidate Averages

Study | sy, | | 7 S3,17 ¢ | 2 | [iF | GE+ D)2 /(rf +r)/2 | (n+ 1)/2
Example 1

Study 1 | 1.00 | 0.90 | 0.95 0.90 0.99

Study 2 | 0.10 | 0.10 | 0.32 0.01 0.01 | 0.83 | 0.91 0.5 0.707 0.635

N=2 Z] S)Z, = 1.10 ?’5331.7"]-2 = 0.91
Example 2

Study 1 | 1.00 | 0.10 | 0.32 0.10 0.53

Study 2 | 0.10 | 0.90 | 0.95 0.09 0.47 | 0.17 | 0.42 0.5 0.707 0.635

N=2 | Xjsj; =110 )sp.rf =019

Table 1. Faller’s Transformation, FT.

In the table, we intentionally computed invalid candidate averages of rjz, \/E , and rj to demonstrate that these

fail to discriminate between Examples 1 and 2. It can be demonstrated that applying Fisher’s r-to-Z and then Z-
to-r transformations -to be discussed later- yields the same average correlation for both examples: about 0.79.
Since a constant sample size was used, a weighting strategy based on sample sizes would not discriminate
between the two examples either. Compare now these results with those obtained with our proposed approach.

Several observations can be made. First, mean values, ? and \/% are higher in Example 1 than in Example 2.

Second, in Examples 1 and 2, Study 1 impacts more the mean coefficient of determination than Study 2, but the
contribution is different in each case. In Example 1, ¢ is about 0.99 and c; is about 0.01 while in Example 2, ¢,

is about 0.53 and c; is about 0.47. In Example 1, -2 =0.83 and _[ 2 = 0.91 while in Example 2, Z = 0.17 and

/ r2 =0.42. We conclude that Faller’s Transformation was able to discriminate between the two examples.

Since 29’ sﬁjis the variance associated to 2, an average of averages, 72, can also be computed from Examples 1
and 2. It can be demonstrated that computing this overall average is the same as computing an r2 value from all

four studies. With the data provided, 72 = 0.5 and V7Z = 0.707. We must stress that these results are completely
unrelated with similarresults| i st ed i n the t abl eThemaghasrpurely@eidendal. d at e

Table 1 should convince a researcher of the risks of averaging correlations using the above weighting strategies
and without considering variance effects from the dependent variable. This perhaps was the main finding of
Fal |l er ' s p é&enmasrcontradittedvby Glabnrahout how to deal with between-studies variability in
the dependent variable (Glahn, 1982).



The conclusion that we take away from the above sections is that experimental results based on arithmetic
additions of correlation coefficients, or on averages lacking of resolution power, are fallacious and can be
challenged on those grounds, even if these are deemedas_accept abl e resul ts

Unbiased and Biased Estimators

In this section we discuss another reason for not adding correlation coefficients: their biased nature. The
discussion is based on the remarkable work of Zimmerman, Zumbo, and Williams (2003) on biased estimators.
According to them, for large sample sizes or for establishing the presence of correlation, the inherent bias of
correlation coefficients might be negligible and of no concern to an analyst.

However, there are cases where the bias can be misleading, especially if the analysis involves small correlations
and sample sizes. In the case of Spearman correlations, the bias introduced does not vanish even when n
becomes infinitely large.

Fisher (1915) proved that the expectation value of a correlation coefficient, E[r], based on random sampling
from a normal population is biased, slightly less than the population correlation, p, and approximately

Elr]= p — p(l_pz) (18)

2n

where E[r] < p. Solving Equation 18 for p provides an approximately unbiased estimator of the population
correlation,

~ 1- 1?2
p=rlt+ (50 (19)
where r is a sample correlation, p is the corrected correlation, and r < p.

Later and starting from different assumptions, Olkin and Pratt (1958) derived a more nearly unbiased estimator

1-r

p =i+ G @0

In order to reflect these findings, Equation 18 can be modified by replacing 2n with 2(n — 3)

Elr]= p — p(l_pz) (21)

2(n—- 3)

According to Zimmerman, et al. (2003), if initial scores are numerical values rather than ranks, the Spearman rg
and the Pearson p are related by the formula

6
n(n+ 1)

E[r] = [sin‘l(p) + (n — 2)sin™?! (g)] (22)

The authors state:

—This relation indicates t hrobthiriedafrem ranks s anestimate & the b y
population correlation between variables underlying the ranks. In other words, it indicates the bias introduced by
transforming scores to ranks before estimating the population correlation. |l

In the following section, we evaluate this bias under several conditions.

us



Evaluation of the Inherent Bias of Correlation Coefficients

The inherent bias of correlation coefficients can be evaluated by subtracting o from Equations 18, 21, and 22,
differentiating the result respect to p, setting the result to zero, and solving for p. This gives a pnay; 1.€., the
population correlation that maximizes the bias.

It can be shown from Equations 18 and 21 that the bias reaches a maximum when pmax = +/1/3 = + 0.577,
where pmax does not depend of n. By contrast, it can be demonstrated from Equation 22 that the bias reaches a

maximum at a pmax that depends of n. Furthermore, | pmax | =

0.

BnvBed n becomes infinite.

These findings can be confirmed by expressing the bias as an absolute or relative quantity or by expressing

expected values in terms of their accuracy.

So from Equation 18 and 21

Absolute Bias = | E[r] — p|

Relative Bias

Accuracy =

E[r]- pl

E[r]

P

and from Equation 22

Absolute Bias = | E[r;] — pl

Relative Bias =

Accuracy =

E[r]

| E[rs]— pl

(23)

(24)

(25)

(26)

(27)

(28)

Table 2 shows the result of computing these quantities when n = 10 for several correlation values. As predicted
by the theory, expectation values are always less than population values, confirming that these are biased

estimators.
n=10 Expectation Values Absolute Bias Relative Bias Accuracy
o) Eq18 | Eq21 | Eq22 | Eq18 | Eq21 | Eq22 | Eq18 | Eq21 | Eq22 | Eq18 | Eq21 | Eq22
0.1 |0.0951 | 0.0929 | 0.0869 | 0.0050 | 0.0071 | 0.0131 | 0.0495 | 0.0707 | 0.1313 | 0.9505 | 0.9293 | 0.8687
0.2 |0.1904 | 0.1863 | 0.1741 | 0.0096 | 0.0137 | 0.0259 | 0.0480 | 0.0686 | 0.1295 | 0.9520 | 0.9314 | 0.8705
0.3 ]0.2864 | 0.2805 | 0.2620 | 0.0137 | 0.0195 | 0.0380 | 0.0455 | 0.0650 | 0.1265 | 0.9545 | 0.9350 | 0.8735
0.4 ]0.3832]0.3760 | 0.3511 | 0.0168 | 0.0240 | 0.0489 | 0.0420 | 0.0600 | 0.1222 | 0.9580 | 0.9400 | 0.8778
0.5 |0.4813|0.4732 | 0.4419 | 0.0188 | 0.0268 | 0.0581 | 0.0375 | 0.0536 | 0.1162 | 0.9625 | 0.9464 | 0.8838
0.6 |0.5808 | 0.5726 | 0.5349 | 0.0192 | 0.0274 | 0.0651 | 0.0320 | 0.0457 | 0.1084 | 0.9680 | 0.9543 | 0.8916
0.7 ]0.6822 | 0.6745 | 0.6313 | 0.0179 | 0.0255 | 0.0687 | 0.0255 | 0.0364 | 0.0982 | 0.9745 | 0.9636 | 0.9018
0.8 |0.7856 | 0.7794 | 0.7326 | 0.0144 | 0.0206 | 0.0674 | 0.0180 | 0.0257 | 0.0843 | 0.9820 | 0.9743 | 0.9157
0.9 ]0.8915|0.8878 | 0.8427 | 0.0085 | 0.0122 | 0.0573 | 0.0095 | 0.0136 | 0.0636 | 0.9905 | 0.9864 | 0.9364

Table 2. Bias analysis for several correlation values at a given sample size level.



When p = 0.6, the absolute bias is close to 0.02 with Equation 18, about 0.03 with Equation 21, and about 0.07
with Equation 22. It can be demonstrated that changing the sample size, from n = 10 to n = 30, lowers the bias,
but does not remove it. Indeed in the case of rank-order correlations, the bias does not vanish when n becomes

infinite. This occurs because when n — o, lim,_, E[rs] = Ssin‘1 (‘5’) and therefore lim,,_,, E[15] - p#0.
These results agree with those of Zimmerman, et al. (2003).

A comparison between correlation ranges reveals that the absolute bias is higher in the mid-range (0.5 -0.7)
than in the high or low ranges. However, Table 2 does not indicate how these ranges compare with ranges from
other samples at different sample size levels. The best way to make such comparisons is through a simultaneous
display of n and p values. This is illustrated in Figure 3.

Equation 18 Equation 21 Equation 22
1- P 1 - 6 I —
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[r] P P o [r] P P 20n — 3) s Tn+1) 2
0.025 0.030 0.080
0.070
20 0.025 A
0020 0.060
— = ) QE———— PR
0015 | n=10 0.020 n=10 0.050 1 n=10
Absolute —n=20 Absolute —n=20 Absolute —n=20
Bias Bias 0.015 1 Bias 0.040 7
0.010 A —n=30 —n=30 0.030 4 —n=30
40 0.010 1 40 - 40
—n= —n = 20 4 —n =
0.005 A - 0.005 - 0.020 -
/ﬁ —n=30 ﬁ —n=30 0.010 - —n=30
0.000 : T ‘ ‘ n=100 0.000 ‘ ‘ . . n=100 0.000 ‘ ‘ . . n=100
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
P P P
(a) (b) (c)
0.060 0.080 0.140
0.070 | ,
0.050 A 0060 0.120
1060 1 0.100
0.040 A —n=10 0.050 1 —n=10 —n=10
Relative —_—n=20 Relative —_—n=20 Relative 0-080 7 —_—n=20
P 0.030 1 - Bias 0407 Bias 9060
i —n=30 0.030 4 —n=30 - —n=30
0.020 4 —e 0 0020 J— 0.040 —n=40
0.010 - %ﬁ =50 0.010 | % — =50 0.020 4 — =30
0.000 . . . - n=100 0.000 T T T T n=100 0.000 T T T T n=100
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
P P P
(d) () ()
1.01 1.01 1.00
100 1 1.00 + 0.98 4
0.99 A %
oo / —a-10 0.98 1 —a=10 096 1 —n=10
098 4 0.97 4 — 094 - e
Accuracy —n=10 Aecuracy o q¢ | n=20 Accuracy n=20
097 4 —n=30 0os —n=30 0524 —n=30
0.96 1 —n=40 0:9; | —n=40 0.90 4 —n=40
095 | —n=350 0.93 4 —n=30 088 4 —n=30
094 . : : . n=100 0.92 ; ‘ . ; n=100 0.86 ; . : ; n=100
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
ol £ P
(@ (h) (M)

Figure 3. Profile curves from Equations 18, 21, and 22.

In Figure 3, each column corresponds to the absolute/relative bias and accuracy as derived from Equations 18,
21, and 22. A characteristic feature of the curves shown in Figure 3 is their lack of symmetry which is a
reflection of the biased nature of the correlation coefficients.



In general for curves (a), (b), and (c):

e [Foragiven p, the absolute bias increases when n decreases.
e Foragiven n and when p < pnax, the absolute bias increases when p increases.
e Foragiven nand when p > pnax, the absolute bias decreases when p increases.

Note that when n > 30, the first two columns show similar curves since Equation 21 approaches Equation 18.
In (a) and (b), the curves reach the predicted maximum of pmax = 0.577, for several values of n. By contrast in
(c), the location of pmax depends of n. As n increases, omax shifts toward the theoretical value of 0.594.

Although these curves show essential differences in the absolute bias introduced, the shape of these curves
makes uneasy any comparison between low and high ranges from different curves. Such comparisons are
possible with the relative bias and accuracy curves shown in (d) — (i).

In (d), (e), and (f), the curves show that the relative bias is a decreasing function of p. For Pearson correlations,
the bias tends to vanish for relatively large values of p and n, but does not disappear for a large p and small n. In
the case of S p e a rs coaelations the relative bias does not disappear for any combination of pand n. For
instance when p = 0.2 and n is between 10 and 30, the relative error is between 13% and 7%. Similarly when
p=0.8 and n is between 50 and 100, the relative error is between 3% and 2%.

In (9), (h), and (i), the curves show that the accuracy is an increasing function of p. Conversely, when p
decreases the accuracy is considerably affected. For instance, when n = 40 the accuracy for the low-range of p
values is about 0.98 for Pearson correlations and about 0.93 for Spearman correlations.

Fi s h eTrabhsformation

As noted by Zimmerman, et al. (2003), the bias described in Figure 3 is a property of the mean of sample
correlation coefficients. This bias is different from the instability in the variance of sample correlations close to
+1.00 that inspired Fisher (1921) to introduce the so-called Fisher’s Z Transformation, sometimes also known
as Fisher’s r-to-Z Transformation,

_ % In [M] (29)

@-rp

Zj

where Z; is additive and where positive and negative correlations are well accounted for. The sampling
distribution of Z;is approximately normal, with population mean

_1 1+p)
Z, =-In —(1_p)] (30)

Fisher discovered that this transformation makes the variability of correlations which are close to £1.00
comparable to that of mid-range correlation values. So if we sample a population N times, a suitable estimate of
Z,would be

— 1
z, == %7 (31)
Thus, by inversion of Equation 29 and after proper substitutions one could compute a weighted average as

— ezl — 7% (32)
J eZl + e %)



Equation 32 is known as Fisher’s Z-to-r Transformation. See Zsak (2006) and Garcia (2010) for application
examples. Bond & Richardson (2004) provide a visualization of Fisher’s Z Transformation. They write:

—Correlational statistics can be represented asXare
Yi—Y

and Y) which we have standardized in the usual manner via x; = X’S;X and y; = . Then the least-squares
X

regression line for predicting y from x is, of course, y = rx. Let us depict this regression line in a two-dimensional xy
scatterplot, along with its reflection in the x-axis-- the line y = -rx. Let us also insert into our xy scatterplot the unit
hyperbola H! = {(x, y) | x* - y*= 1, x > 0}. The quantity Z, can be regarded as the area enclosed by this hyperbola, the
regression line, and its reflection. |l

—To justify this represent @drdnaen(y YY) (ados guusin d. €hgnitha by ¢ h
equation of the hyperbola becomes x?- y? = u? (cos® ¢ - u sin® ¢) = u?cos (2¢) = 1, so that the area indicated in Figure 1

can be expressed as the integrall
1 parctan(r) 1 rarctan(r) 1 d 1 r+1
5 f_arcmn(r)u(¢)2d¢ =2 f_arcmnm c0s(29) ¢ — Eln (Z) = arctanh(r) = Z, (33)

Figure 4, reproduced with permission from Bond & Richardson (2004), depicts a visualization of the
transformation. The dark area represents Z values.

(Lr)

4o
~
2

(1) g

Figure 4. Fisher's Z Transformation as area in scatterplot.

It should be pointed out that Equation 29 describes an inverse hyperbolic tangent function while Equation 32
describes a hyperbolic tangent function. Computing these functions is quite easy as these are built-in into the
scientific calculator of Windows computers as tanh™ and tanh. This calculator is accessible by navigating to
Start > All Programs > Accessories > Calculator. Additionally, Microsoft Excel has these functions, but
referenced as ATANH and TANH. Most programming languages include a command such as Tanh(Z) or
Tanh[Z] with similar functionalities (Zimmerman, et al., 2003). Additional information on this transformation is
given in Appendix 3.

Limitationsof F i s h eTragdstormation

As noted by Stevens (1999), the sampling distribution of correlations tends slowly towards the normal

distribution as n increases. When p# 0, t he s a mp Iriswvergskeddd. S hismprobkera ¢anbe n o f
minimized through use of Fisher’s Z Transformation such that the sampling distribution of Z becomes
approximately normal.

Goodness of the approximation to the normal increases the smaller the absolute value of p and the larger the
sample size. Thus, the transformation is very useful as long as transformed correlations come from the same
population and assumptions of bivariate normality are valid. In fact, Zimmerman, et al. (2003) found that

—& significance tests of nerero values of correlation based on the Z transformation are grossly distorted
for distributions that violate bivariate normality. Also, significance tests ofzeon values ofs based on theto Z
transformation are distot ed even f or nor mal distributions. 0



Under violation of bivariate normality-transformed correlations can produce distributions such that thesmea
of these can actually changeough as to modify the probability of Type | and Type Il erfbingy concluded:

—Another implication of t he rtpztransfenmtionchnibeexpéectadgode i s t ha
sensitive to violation of bivariate normality. This fact is relevant to hypotheses testing, finding confidence intervals,

and averaging correlation coefficients. In these applications, neither large samples nor conversion to ranks affords

protection. For example, significance tests of hypotheses about validity and reliability coefficients or differences

between them require an assumption of bivariaten or mal i ty despite | arge sampl e

—Researchers certainly shoul d b®Ztawfarmadon io data dnabysissifita s s u
is not tenable, estimates of non-zero values of correlation coefficients can be extremely biased, and significance tests

can be invalid. These consequences appear to be more severe than ones typically associated with non-normality in t

andFt ests of differences in location.|

Thus, statistical analyses based o i s h eTrags®rmation wherein bivariate normality is not obeyed, can be
invalid or might need revision. These findinggght be relevant tmetaanalysismodelsbased on this
transformatior{Hedges & Olkin, 1985; Hedges, 1992; Hedges & Vevea, 1998).

Conclusion

In this article, the non-additivity nature of correlation coefficients was examined. A simple procedure for
computing a weighted average over several correlation coefficients was presented. The proposed average,
weighted by the variance of the dependent variable, is more discriminatory than other weighting strategies.
Furthermore, if necessary, our approach can be adapted to correct for the inherent bias that plagues correlations.
In subsequent articles of this series we explain how this can be done.

Although several studies (Field, 2001, 2005; Hall & Brannick, 2002; Brannick, Yang, & Cafri, 2008, 2010)
have compared the performance of different weighting strategies -unit weights, sample size, optimal weights,
and within/between study variances-, none of these are based on variance effects in the dependent variable as
herein computed. In this regard our approach is different from those weighting strategies.

In spite of the above findings, arithmetic averages of correlation coefficients have been reported in the IR
literature—although not in the context of meta-analysis (Shi, Li, & Wang, 2010; Ding, Yan, Frazho, & Caverlee,
2009; Petratos, 2006; Nuray & Can, 2006; Bar-Ilan, 2005; White, 2004; Wu & Crestani, 2003; Lu & Callan,
2002). During the course of putting together this series, we contacted the authors of those studies pointing out
that: (a) correlation coefficients are not additive, and (b) meta-analysis could be of benefit to their research. |
would like to acknowledge that Wang, Ding, Petratos, Can, and Callan were receptive to these observations.

Most of the problems discussed in this article arise when effect sizes are expressed in terms of correlations. One
way to work around these drawbacks consists in expressing effect sizes in terms of non-correlation measures
like Cohen’s d. For instance, once an average d is obtained, it can be transformed into a correlation score and
reported as a weighted average. However, which effect size measure to use depends on the study under
consideration, so this workaround is not always possible or prescribed.

Finally, one line of research that remains open is how to incorporate Faller’s Transformation or derivatives of
Fal | e rintoscurrentdneeta-aalysis models. We believe that this could add a new discriminatory level to
these models.
Acknowledgements.l *“ m i n debt t o P reweWirgeaslydrafts &f ¢his aticl&ahddos s f or
encouraging comments. | would like to thank Professor Don Zimmerman for introducing me to his remarkable
research work on biased estimators and to Professors Charles Bond and Ken Richardson for granting me

permission to reproduce their visualization on the Fisher’s Z Transformation.



Appendix 1:  Trigonometric derivations

It can be derived from the cosine addition rule that the sum of any two cosines does not give a cosine, but
cosé + cosé, = 2cos[0.5(6, + 6,)]cos[0.5(6, — 6,)] (A.1.1)
Therefore, cosines are not additive.

Similarly, it can be derived from the tangent addition rule that the sum of any two tangents does not give a
tangent, but

tan 6, + tan 6, = tan (6, + 6,)[1— (tan 6, )(tan 6,)] (A.1.2)

Therefore, tangents are not additive.

Appendix 2:  Derivation of the Weighted Average of Correlation Coefficients, \/ﬁ

Faller (1981) derived ? from the sample variance of the dependent variable and its residual variance. Here we
adopt a different derivation procedure which is easier to grasp, butthate qu al | 'y val i dates Fa

Fromt he definition of Pe &qudianf, Wescaneviote r el at i on coef fi

Sy T = s (A.2.1)
Taking squares and summations, from j to N,

S¥sir? = IVl C"""” (A2.2)

SX]

Dividing by SNz We obtain what we have come to call Faller’s Transformation

Xj Sy;
2 1 N _2 .2 1 NCO"xyj2 (A.2.3)
’r‘ = — . S ’r = A L.
l N 2 y N 2
Xj sy, 70 Iisy, T sy

Taking square roots, we obtain a weighted average over several correlation coefficients,

— 1 NCOnyJ2
/ \/ZN jsynt = \/29’5 X 2 (A2.4)

Finally, Equation 1 is recovered when j =N = 1.

In Equation A.2.4, each covxy]2 term is normalized with — which is a local weight. Results are added

SXJ

together and then normalized with Z"’T which is a global weight. In our opinion, these two normalization
j oY

strategies are the source of the discriminatory power of ? and



Appendix3: NotesonFi sher 6s Z Transformati on

Fisher’s Z Transformation should not be confused with variable standardized scores, represented by a
lowercase zeta and defined as

(A.3.1)

In addition, a Fisher’s Z transformation should not be confused with the z; Statistic used for statistical
significance tests. Actually, testing whether any two Z-transformed correlation coefficients, Z; and Z,, are
statistically equal requires that

Zy— Zy

Ztest = T (A.3.2)

ni{— 3 ny— 3

where Z; and Z, are statistically different if the computed z Statistic is greater than a z value at a given
confidence level and degrees of freedom. Statistical tables listing z values are available elsewhere. Frequently,
this test is carried out as a two-tailed test, at a 95% confidence level (« = 0.05), and using Zpe = 1.96. So if
Zest > Zwable, Z1 @nd Z; are statistically different.

The zi Statistic is also used for evaluating confidence intervals around an experimental Fisher-transformed
correlation,

Z * Zgprey 1/(n — 3) (A3.3)

where zpie 1S 1.96 when the test is carried out at the 95% confidence level. Equation A.3.3 is more informative
than Equation A.3.2 since confidence intervals provide a range of plausible values to compare an experimental
parameter against an unknown parameter.

For instance, Equation A.3.3 states that any correlation value within the Z + z;45.4/1/(n — 3) interval is not
different from Z. If the computed confidence interval includes zero, Z is not statistically different from zero.
Thus, confidence intervals can be used for testing hypotheses about zero and-rero values.
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