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Abstract: This is a three-section tutorial on correlation coefficients. Section one discusses the proper way of

computing r values. Section two describes statistical applications. Section three discusses recent
research on the problem of correlation coefficients as biased estimators.

Section One

Introduction

In a recent tutorial (1), we explained that each statistic has its own standard error SE. In that tutorial a
distinction was made between the SE of a population mean and that of a correlation coefficient:

SEz = % (Eq 1)
SE, = L (Eq 2)

where x is the sample mean and defined as an arithmetic average, s is the sample standard deviation, n is the
number of observations of x, and r is a correlation coefficient. In this tutorial, we use r to mean Pearson or
Spearman’s Correlation Coefficient. When necessary, Pearson’s is denoted with rp and Spearman’s with rs.
Pearson’s is used under normality and linearity assumptions while no assumption is made for Spearman’s. In
an upcoming tutorial it will be explained how both scenarios (linearity and nonlinearity) can be treated with
Principal Component Analysis (PCA). Advances in the field make this possible.

Dispelling Some Myths

Contrary to popular opinion:

e Spearman’s (rs) can be computed for linear and nonlinear data. The only requirement is that the paired
data must be ranked and measured on an ordinal or continuous scale.

e Pearson’s (rp) can be applied to nonlinear problems by proper transformation of variables. For
instance r, can be applied to problems described by an exponential law (y = cax) or a power law

(y= cxb). Note that these are two different laws, so do not arbitrarily use the “exponential” and “power”
terms. Taking logarithms we can write

o For an exponential law, logy = x log a + log c. If we define a new variable y* = log y, then ry
can be computed for x, y* paired data. In addition, plotting points with X, y* coordinates should
give a straight line with slope equals to log a and intercept equals to log c.

o For apower law, logy =blog x + log c. If we define two new variables x* = log x and y* = log Y,
then r, can be computed for x*, y* paired data. Additionally, plotting points with x*, y*
coordinates should give a straight line with slope equals to b and intercept equals to log c.

where a, b, and c are constant, a> 0, and b is a so-called power-law exponent. Thus, computing an r, value is
possible. Note that it is still possible to rank transformed variables and compute an r; value.
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As a practical example of this, suppose that is to be determined whether there is a power or exponential law
relation between any two on/off- page attributes in a document or of one of these with document relevancy.
After proper transformation of variables, their possible correlation can be examined.

Beware of incorrect SE calculations

Computing SE values serves a purpose. These are not computed for decorative purposes or to lure readers
into “buying” a theory. SE values are computed for finding confidence intervals, significance testing, and
hypothesis testing.

In our previous tutorial, we advised readers against calculating the SE of r as SE = \/iﬁ as some search engine

marketers are doing. There are too many things wrong with the following statement:

“| literally took the standard deviation of the correlation coefficients for a metric and divided it by the square
root of the number of samples.” (2, 3).

Calculating an SE in this way cannot be justified on statistical or mathematical grounds for several reasons:

N

1. From Equation 1, it is clear that the 7=

ratio is the SE of the sampling distribution for a mean value.

2. Correlation coefficients are not additive (4). One cannot add raw r values to compute an arithmetic
average 7 and then use this average to compute a standard deviation of r values. Consider this: for
centered data, a correlation coefficient is a cosine value. As shown in the Appendix section, adding,
subtracting, or averaging cosines do not gives you a new cosine. Hence, computing an SE for r with
Equation 1 is incorrect.

3. While ¥ can be computed directly from raw x values, indirect methods must be used for calculating 7.
Since 7 is also a cosine value, subtracting this from individual r values does not give a cosine
difference. See Appendix section.

4. xis an unbiased estimator of a monovariate distribution while 7 is a biased estimator of a skewed
bivariate distribution. Therefore, hypothesis testing with Equation 1 is not the same as with Equation 2.

To write this tutorial, we contacted fine scholars, experts in their own fields. They agreed with us on the above
points. Their remarks are included in this tutorial with their permission.

As mentioned before (1, 4), in order to compute 7 individual r values have to be converted into additive
guantities. Several techniques, each with their own assumptions and drawbacks, can be used: transcendental
transformations, numerical expansions, weighted averages, or combination of techniques. Some of these are
discussed in the next sections.

On the r to Z Fisher Transformation

The best known technique for transforming I values into additive quantities is the I' to Z transformation due to
Fisher (5). Fisher Transformation is defined as

_ 1 _ _ _ 1 (1+7)
Z =3 [(n(1+71r) —InQ-1r)] = > In [(1_ - (Eq 3)
Its standard error is given by
SE,= | = = (Eq 4)



A comparison between Equations 1 — 4, reveals that SE; depends of n and s, SE, depends of h and r, and SE;,
depends only of n. Mistaking one SE for another affects hypothesis testing.

Equation 3 is not valid when r = 1 exactly, but this is not a real issue since in most experimental problems r =1
exactly is not achievable. For the most part in many analytical studies (e.g., material testing, paternity tests,
analytical chemistry, etc), an accuracy of 99.9999% is accepted as valid quantitative work. Approximating 1 as
0.999999 gives

z =4 [(” 0'999999)] = 7254328 .. ~ 7.25.

2 (1 —0.999999)

The error in r is about 0.000001 and negligible. Any concern about a Z score “exploding” when r = 1 is irrisory.
As it will be shown, there are many statistical tests wherein you must use a Fisher Transformation.

Fisher Weighted Mean Correlation Coefficient

According to Faller (6), once r values are converted into Z scores, an arithmetic mean score Z can be
computed. A Fisher weighted mean value 7 is then obtained by rearranging Equation 3,

i (Eq 5)
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In Equation 3, Fisher Transformation is an elementary transcendental function called the inverse hyperbolic
tangent function. Equation 5 is therefore a hyperbolic tangent function. In Windows computers, these functions
are built-in in their scientific calculator program which is accessible by navigating to Start > All Programs >
Accessories > Calculator. Microsoft Excel also has these built-in as ATANH and TANH functions.

Equations 3 and 5 are needed to compute a Fisher weighted mean value . For instance, in Appendix 5 of her
graduate thesis, Monika Inde Zsak writes (7):

“Since the correlation coefficients are not additive, they had to be transformed in to a new variable called Fisher Z
value to be able to calculate an average value. The variable is approximately normally distributed, independent of the
distribution of the original correlation coefficient. The Z value can further be summed for calculating a mean value...
After the average for Z is calculated the correlation coefficient was simply found by rearranging formula (A.5.2)...”

Thus, when we find search results matching “mean correlation coefficient” or “average correlation
coefficient” in the snippet abstract of search results, we better be sure in which context such expressions
were used before quoting the original source.

Weighted Statistics

A Fisher Transformation is not the only way of computing weighted mean values of correlation coefficients.
Several authors have proposed other type of transformations. Some of these are based on weighting specific
statistics using numerical expansions or a combination of techniques. Most of these derivations are limited to a
particular experimental setting and are not universally applicable.

For instance, back in 1952, Lyerly (8) described a transformation for computing a weighted average correlation
coefficient based on a long numerical expression. As Lyerly pointed out, his approach worked well for small n
and number of sets N (e.g., n = N = 4), but it was too cumbersome for large n and N. Lyerly recognized that the
arithmetic became complex even for n and N values greater than 7. He pointed out that his method works for
null cases (null hypothesis testing), but not for non-null cases and that additional research was needed.

In another studies, Reed and Frankham (9, 10) computed mean correlation coefficients, but clarified that these
were weighted values:

“All statistical tests were carried out with JMP software (version 3.0; SAS Institute) on weighted means and variances.”.

We contacted Frankham and he kindly redirected us to Reed. Attempts at contacting Reed were unsuccessful.



The Vector Space Approach

Other authors have computed mean correlation coefficients using a vector space approach. For instance,
Gandolfo et. al. (11) has computed correlation values from trayectories, sampled from time series data, and
represented as vectors. Their treatment was based on a previous work conducted by other authors (12). As
they stated:

“Trajectories were sampled at 100 Hz, and the goodness of the performance was quantified with a correlation
coefficient, as defined in ref. 2.”

In Gandolfo et. al. (11) paper, ref. 2 corresponds to a vector treatment developed by Shadmehr and Mussa-
Ivaldi back in 1993 and described in the Appendix section of that second work (12). Gandolfo and Mussa-Ivaldi
have co-authored (13) while at MIT, apparently at Emilio Bizzi’s lab. A list of researchers that have worked at
BizziLab is available online (14).

Essentially in Shadmehr and Mussa-Ivaldi treatment, trayectories were sampled at regular time intervals and
the data was mean centered. Time series were modeled as vectors. Cosines between vectors were computed
by normalizing inner products by vector lengths. Cosines were then taken for correlation coefficients. Finally,
arithmetic averages of correlation coefficients were computed.

Examining the Facts

Instead of misquoting or speculating about Gandolfo et. al. (11) and Shadmehr and Mussa-Ivaldi’s work (12),
we did what any serious researcher would do: we contacted them directly and inquired about their work.

Mussa-Ivaldi (Sandro) kindly responded. We pointed out that since correlation coefficients are not additive, it is
not correct computing mean correlation coefficients by averaging individual values. Mussa-lvaldi accepted this
point and graciously allowed us to reproduce his comments which are given below.

“This is indeed a good point. Which has also an intuitive geometrical
view: a sum of cosines is not a cosine.

So, the mean correlation coefficient cannot be taken to be a correlation
coefficient. When considering the correlation coefficient (or the

cosine between vector pairs) as a random variable, one can still ask
what is the empirical mean of this variable. One cannot go much beyond
that because this variable cannot be assumed to be Gaussian since it has
a finite support ([-1, +1]). However, in our work we just wanted to have
an estimate of how the shape of trajectories was gradually recovered in
time. And the data were sufficiently strong to make a statement. Namely,
we saw (Fig 11) that after the perturbation was applied the mean
correlation coefficient had a consistent upward trend toward +1. This
was seen invariably with all subjects and in all experiments. | suppose
this was sufficient to make our point. Nevertheless, you are quite right
that we cannot conclude that the mean correlation coefficient - as the
mean cosine between vector pairs - plotted in that figure corresponds
to a true expected value. So, we are indisputably guilty of using a
measure that is not quite correct. The Fisher correction would be
needed, for example, to run a t-test. However, | think that the Fisher
correction would hardly affect our conclusions.”

“Thanks”

“‘Sandro”

“Hi Edel,

you are welcome to use our discussion in the tutorial. On my end I'll
take advantage of your comments to be more careful discussing the
implication of taking arithmetic means!”

“Best regards”

“Sandro”



Gandolfo et. al. (11) and Shadmehr and Mussa-Ivaldi (12) papers are 10 and 17 years old, respectively while
we are now in 2010. It is now academic to argue whether the error incurred by computing arithmetic averages
of r values, if back then discovered or not, weighted during the peer review process. Mussa-Ivaldi’s response
subsumes well the whole point: “a sum of cosines is not a cosine”.

Over the years we have read many research papers incorrectly reporting mean and standard deviation values
of correlation coefficients, perhaps because these were not questioned by reviewers. Other authors publish
research, but do not explain how something like a standard deviation was computed.

To compound the confusion, since a standard error is a special type of standard deviation, the two concepts
are often mistaken (15). Some authors even use “standard deviation” when in fact are reporting SE values. So,
when one reads “standard deviation of a correlation coefficient”, one must inquire how or for what purpose
those standard deviation or SE values were computed.

Professor Don Zimmerman, a leading expert in Statistics agrees with us on this. In two of many emails we
have exchanged, he correctly asserts:

“Edel,!l
“... I agree that statistics like standard deviations of correlation coefficients are misused a lot in published articles and
that it would be a good idea for authors to find some consistent way of reporting their central tendency and variability.

| think that the geometric analogy is very helpful when looking at properties of correlation. | used the vector space
framework quite a bit in some early papers relating to properties of true, error, and observed scores in classical test
theory. Of course that theory is all about matters of correlation through and through.

Incidentally, in the geometric framework the standard deviation is the length of a centered vector, just as the
correlation is the cosine of the angle between centered vectors. So it seems that assuming the standard deviation of
correlation coefficients is meaningful would be the same as assuming that the collection of correlation coefficients
(cosines) itself is a vector space. | have a suspicion that mathematically that is not true.

Please feel free to point readers to the Psicologica paper in any way you wish.”

“Sincerely,”

“Don”

“Hi, Edel,”

“Thanks for sending that link. Those standard deviations were obtained by simply pooling all the r's and calculating
the sd in the usual way. You are probably right that it is not a legitimate procedure.”...

“Best wishes,”

“Don”

On Mistakes and Quack Science

Students should be careful before quoting a scientific work in a blog, term paper, or thesis without reading and
researching completely the original source. Students should also be aware that scientists can make incorrect
assumptions and still obtain good experimental results, but such results not necessarily validate a faulty theory.

In this regard, don’t assume that because Google searches in EXACT mode match many scientific papers
containing “average correlation coefficients”, “mean correlation coefficients”, or “standard deviation of a
correlation coefficient” validates a particular theory or preconceived ideas you might have nurtured. It should
be underscored that an EXACT search is not a match for literal phrases, but for term sequences since term
matching is conditioned by parsing rules.



Furthermore, scientists are humans, make mistakes, and learn from these. That's a byproduct of the Scientific
Method. Certainly those mistakes not necessarily amount to what is commonly deemed as “quack science”.
What does amount to “quack science” is not using the Scientific Method and insisting in misinforming with
wrong theory with half-true arguments, despite the amount of evidence to the contrary. Once exposed, those
doing “quack science” often do not accept the evidence, do not learn from their mistakes, and never make an
effort at admitting anything. Instead, they often get into a misinformation campaign to hide their errors.

Part Two

Statistical Applications of Standard Errors and Correlation Coefficients

As mentioned early, computing SE values serves a purpose. These are not computed for the sake of
decoration. For testing a population whose parameters are known, a Z-test can be conducted. As it is quite
unusual to know the entire population, a t-test is frequently used.

Both tests serve similar purposes: an SE is calculated and a t or Z value computed. The computed value is
compared against a value from a statistical table at a given confidence level. For instance, at 95% (« = 0.05)
confidence level, Zyye = 1.96. If a null hypothesis was made and Zjcuiates = Zianie = 1.96, the hypothesis is
rejected, otherwise accepted. In the following sections we describe several applications.

Computing Correlation Coefficient Confidence Intervals (Cl)

As noted by Lu (16), a correlation coefficient is not normally distributed and its variance is not constant, but
dependent on both the sample size and the true correlation coefficient (p) of the entire population.
Consequently, confidence intervals (CI) for an r value or a mean value (), cannot be computed directly from a
distribution of r values. An r to Z transformation is needed.

1

Since from Equation 4 SE, = —,

Za e
Cl = & Zpapie * SE, = & 2iatie (Eq 6)

The procedure for computing ClI has been described by Lu, Stevens, and elsewhere (16, 17). [Note. Lu (16)
refers to SE as a “‘sample standard deviation”! ]. The following three examples are adapted from Stevens (17).

Example 1. Letn =100 and r = 0.35. Calculate the corresponding CI at a 95% (a = 0.05) confidence level
(Z =41.96)

Step 1. Convert r to Z.
Using Equation 3, Z, = 0.3654.

Step 2.  Compute both extremes of the CI:

Z, + Zi‘:—f’g = 0.3654..+ 0.1990..= 0.5644..
7, — Zable — (3654, —0.1990..= 0.1664..

n-3

Step 3 Convert Z values to r values.
USing Equation 57 0.5644 = 0.5112..~ 0.51and Z 0.1664 — 0.1649.. = 0.16

Thus given a sample correlation coefficient of 0.35, there is a 95% probability that the true value of the
population correlation coefficient, p, falls in the range from 0.51 and 0.16; i.e. 0.51 = p 2 0.16. Therefore at that
probability level, p is not indistinguishable from any value within that range obtained from samples of same
size. In general, when Cl includes 0, it is said that pis not statistically different from zero.



Conducting Significance Tests of Correlation Coefficients

Stevens (17) has described these types of tests very well:

“Significance tests of correlation coefficients are generally very similar to tests of means. One difference is
that the sampling distribution of r is more complex than sampling distributions for means or mean
differences. The shape of the sampling distribution of r tends slowly towards the normal distribution as n

increases.

With an n of 3 or more, a t-test can be used to test whether a given observed r is significantly

different than a hypothesized population correlation (p) of zero.”

When p =0, the formula for the test is

T

t = —=
SE,

n-2

2 (Eq 7)

r

However if p # 0, Stevens recommends (17) an r to Z transformation:

“When p# 0, the sampling distribution of r is very skewed. This problem is minimized through use of
Fisher’s r to Z transformation.”

Example 2.

Step 1.

Step 2.

Step 3.

Let’s revisit the previous example, where n = 100 and r = 0.35. The hypothesis now is that this r
value is not statistically different from a hypothesized correlation coefficient of p = 0.50. Since p

# 0, instead of Equation 6, we conduct a Z-test at a 95% (« = 0.05) confidence level (Z = +1.96)
and as follows.

Make the null hypothesis (Ho) that r = 0.35 is not statistically different from a hypothesized
correlation coefficient of p = 0.50.

Convert r values to Z values. Thus, Z; = 0.3654 and Z,, = 0.5493.

Compute a statistical Z value as Z = ZTS;Z’J = (2, — Z,)vn — 3 and take the absolute value.

In this example, | Z caculated | = | -1.8112 | = 1.81.

Since in this case | Z cacuiated | < | Z tante | = (1.81 < 1.96), we cannot reject Hq. Therefore r = 0.35 does not differ
significantly from the hypothesized value of p = 0.50. We already knew this from Example 1.

Comparing Correlation Coefficients, r; and r,, from two different samples

The standard procedure for testing whether any two correlation coefficients r; and r,, from different samples
are significantly different from one another is now described.

Example 3.

Step 1.

Step 2.

Step 3.

A researcher wants to test whether the previous r value of 0.35 for a sample of 100
observations is significantly different than an r value of 0.25 computed from a second sample of
75 observations at the 95% (« = 0.05) confidence level, (Z = £1.96).

Make the null hypothesis (Ho) that r; = 0.35 and r, = 0.25 are not statistically different.
Convert rvalues to Z scores and compute the difference between these.

Thus, Z; = 0.3654, Z, = 0.2554 and Z; - Z,. = 0.1100

Compute a Z score by dividing the difference by the pooled standard error SE, = |— !

ny—3 ny —3

ie.Z= % and take the absolute value.
Z

In this case, | Z cacuiatea | = | -0.7071|=0.7071.



Since in this case | Z cacuiated | < | Z wanle |, We cannot reject Hy. The difference between riand rzis not significant
at the 95% confidence level.

When H, is accepted for these types of tests, r; and r, are not statistically different. For those samples, it is
risky to say that one r value is “better” than the other, whatever the connotation of “better”.

On the Importance of Scatterplots

We want to conclude this section by highlighting the importance of using supplementary information like
scatterplots before interpreting correlation coefficients. As noted by Dallal (18);

“To further illustrate the problems of attempting to interpret a correlation
coefficient without looking at the corresponding scatterplot, consider this set of
scatterplots, which duplicates most of the examples from pages 78-79 of
Graphical Methods for Data Analysis by Chambers, Cleveland, Kleiner, and
Tukey. “ ().

“Each data set has a correlation coefficient of 0.7.”

“The moral of these displays is clear: ALWAYS LOOK AT THE
SCATTERPLOTS! “

“The correlation coefficient is a numerical summary and, as such, it can be
reported as a measure of association for any batch of numbers, no matter how
they are obtained. Like any other statistic, its proper interpretation hinges on
the sampling scheme used to generate the data. *

Source: http://www.jerrydallal.com/LHSP/corr.htm

(*) For a list of publications, see
http://stat.bell-labs.com/cm/ms/departments/sia/wsc/publish.html
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Figure 1. Dissimilar scatterplots with
same correlation coefficient.

That subsumes pretty well the whole point. Do not ignore the visual power of scatterplots when computing correlation
coefficients.

Beware of Correlation Strength Scales
This section was added on 7/21/2010.
In a 7/16/2010 post, a search marketer reported an r value of 0.67 and stated:

“If 1 is perfectly correlative, then 0.67 is certainly a strong correlative relationship and a figure of some
interest, when we consider there are a couple hundred factors that reportedly contribute to rank.”
(http://searchenginewatch.com/3641002).

This raises the question of how to characterize correlation strengths. Several attempts have been made at
classifying r values as ‘weak’, ‘poor’, ‘moderate’, ‘strong’, or ‘very strong’ using scales of correlations.

Table 1 lists some of these scales, obtained from several online resources.
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Table 1. Some Scales on Correlation Strengths

Suggested Scale of r values Resource

Scale A Strength http://www.experiment-resources.com/statistical-correlation.html
-1.0t0 —-0.50r 1.0t0 0.5 Strong
-0.5t0-0.30r0.3t0 0.5 Moderate
-0.3t0-0.10r0.1t0 0.3 Weak
—-0.1t00.1 None or very weak

Scale B Strength http://www.sjsu.edu/faculty/gerstman/StatPrimer/correlation.pdf
0<|r<.3 weak
3<r<.7 moderate
[r|>0.7 strong

Scale C Strength http.//mathbits.com/mathbits/tisection/statistics2/correlation.htm
Greater than 0.80 strong
0.80t0 0.5 moderate
less than 0.50 weak

Scale D Strength http.//www.bized.co.uk/timeweb/crunching/crunch_relate_expl.htm
09t01.0 Very strong
0.7t00.9 Strong, high
0.4t00.7 Moderate
0.2t00.4 Weak, low
0.0t00.2 Very weak

The problem with these scales is that their boundaries are often defined using subjective arguments, not to
mention that not all researchers agree with using such boundaries or scales at all. Note that these scales do
not agree. For instance, the strength ascribed to a value of 0.67 would be considered as moderate in Scales B,
C, and D, but as strong in Scale A. Additionally, while in Scale A a value of 0.5 is borderline between strong
and moderate, in Scale C it is borderline between moderate and weak.

Which of the above scales is correct?

Without supplementary information, relying on these scales can be misleading. First as shown in the previous
section, looking at a single r value says nothing about whether the data describes a compact or sparse cluster
of points or if there is a nonlinear trend or outliers present in the data.

Second, samples of different sizes (n = 3, 10, 100, 1,000,000, etc) can all have the same correlation value. By
just looking at an r value we cannot say that the strength of correlation weights the same or is equally
meaningful across sample sizes.

Third, if for an r value a confidence interval test shows that the intervals include zero, the reported r value is
not statistically different from zero, in which case the degree of strength ascribed to the r value might be

meaningless.

Finally, there is the question of the fraction of explained and unexplained variations that can be accounted for
by the regression model. This is addressed with a Coefficient of Determination R, defined as R = r’. An R value
gives the fraction of variations in the dependent variable (y) that can be explained by variations in the
independent variable (x). Thus 1 — R gives the fraction of variations that cannot be explained by the model.

For r =0.67, R = 0.4489, and about 45% of the variations in y can be explained by the regression model while
55% cannot be explained by the model. I'm not sure that a regression model wherein 55% of the variations
remain unexplained could be used as a forecasting model or for making comparison from something that
dynamic as search engine variables and Web variables. The same applies to a reported r value of 0.5, wherein
75% of the variations will remain unexplained. In my opinion, classifying correlation strengths associated to
linear models as ‘strong’ or ‘moderate’ with such large variations might be risky. Instead of relying on
correlation scales, | use R values along with other statistics (i.e., Chi Square, etc) and supplementary
information as general guidelines.
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Part Three

Recent Advances on Correlation Coefficients

In 2003, Zimmerman, Zumbo, and Williams (19) reported that there are situations wherein r to Z conversions
produce results that deviate from expected values. As Zimmerman pointed out to us, this occurs for instance
with non-zero (p # 0) cases or when bivariative normality is violated.

This is not a limitation of the r to Z conversion itself which is no more than an elementary transcendental
function. Unlike x which is an unbiased estimator, r is a biased estimator of a skewed bivariate distribution.
Therefore, the bias observed is a property of the mean of sample correlation coefficients. As correctly asserted
by Zimmerman, et al. (19),

“It should be emphasized that this bias is a property of the mean of sample correlation coefficients and is distinct from
the instability in the variance of sample correlations near 1.00 that led Fisher to introduce the so called r to Z
transformation.”

To correct for the inherent bias, a Fisher (20) and Olkin-Pratt correction (21) has been suggested. These
corrections can be applied to either r or  values. According to theory, the absolute value of this bias is

- _— o (1=p?)
For Fisher Correction: bias = p ™
o e mine— (1= p%)
For Olkin-Pratt Correction:  bias = p
2(n-3)

Differentiating either expression with respect to p and setting the derivative to zero reveals that the bias is a
maximum at p = /1/3 = 0.5774 ... A plot of values vs the bias confirms this as can be seen from Figure 2.
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Figure 2. Profile curves for Fisher and Olkin-Pratt corrections for n = 30.
The bias reaches a maximum value at p = /1/3 = 0.5774 ...

In this case we use n = 30. As n increases, n >> 3, and in theory identical curves should be obtained. Since this
bias is a property of correlation coefficients, treating  and its standard error as one would treat X and its
standard error is contraindicated.



Appendix

It is fairly easy to show that an arithmetic average or a standard deviation is not computable directly from m
numbers of r values. For centered data, r is a cosine value:

r= cosd

Adding, subtracting, or averaging any two cosines do not result in a new cosine value. For instance, for any
two values r; and r;

cosé + cos@, = 2cos[0.5(6, + 6,)]cos[0.5(6; — 6,)]
cos6y — cos@, = —2sin[0.5(6; + 6,)]sin[0.5(6; — 6,)]

cos 01 + cos 6,
2

cos[0.5(91 + 6‘2)] cos[0.5(6’1 — 92)]

For m > 2, the arithmetic is far more complex.

The error introduced can be non trivial. For example let r; =0.877 and r, = 0.577. One might think that the
average is ¥ = 0.727 ~ 0.73. Converting r; and r, to Z scores and averaging, Z = 1.010... Converting this result
back gives a mean value of ¥ = 0.7659 ~ 0.77, confirming that in this case the mean () is skewed toward r;.
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